GAMES WITH A PASS AS DYNAMICAL SYSTEMS
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1. INTRODUCTION

While ordinary 3-pile N1Mm has been solved, adding a pass move (which can be used once
per game by either player in a non-terminal position) dramatically increases the game’s
structure and complexity. In this paper, we will follow an approach taken by Morrison,
Friedman, and Landsberg to view games as dynamical systems by defining an operator that
acts on sets of 4 -positions according to the game’s rules. Through the dynamical lens,
games with passes can be understood as generic games, which are classes of games with
perturbed .4 -positions. This framework helps to explain the intriguing scale invariance
and complex geometric structure of 3-pile NiM-with-a-pass as arising from generic N1M’s

tendency towards an attractor. (This exposition is based on results stated in [2] and [I].)

2. GAMES WITH PASSES

A pass move in a combinatorial game allows either player to transfer the turn to the other.
Once used by either player, the pass may not be used again, and it cannot be used from a

terminal position. The goal of this section is to study 3-pile NIM with a pass.

2.1. Pure 3-pile Nim. Before tackling NiM-with-a-pass, we’ll first analyze traditional N1M.
In 3-pile N1M, a game position can be represented by a triplet of nonnegative integers (z,y, z).
Our goal is to study the set of &-positions as a three-dimensional object, which we’ll call
the Z-set [1]. We know that this set is characterized by triplets whose XOR sum is zero, but
this framework will generalize to the pass version. Consider partioning the position space

into two-dimensional “sheets” indexed by x, with y and 2z being coordinates within a sheet.

Definition 2.1. The loser sheet at level x, denoted L*, is an infinite boolean matrix which

is 1 at (y, z) if and only if (z,y, 2) is a F-position.

Stacking the loser sheets recovers the Z-set. The loser sheets can be obtained from

another class of sheets that record instant winners.

Definition 2.2. A position (z,y, ) is an instant winner if there is a Z-position (z’,y, 2)
with 0 < 2/ < x. The instant-winner sheet at level x, denoted W?, is an infinite boolean

matrix which is 1 at (y, z) if and only if (z,y, z) is an instant winner.
1
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While 1 in an instant-winner sheet indicates a .4 -position, 0 can mean either & or a

A -position that decrements y or z to reach a &-position.

Example 2.3. The first 3 x 3 entries of L' and W' are
010

L'=1{1 00 W'=
0 00

o O =

0 0
10
0 1

Note that while (1,0,2) is an .4 -position, the entry Wy, is zero because the winning move

is not to decrement 1 but rather to move in z from 2 to 1.
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F1GURE 1. Sheets partition the position space into horizontal planes. The
supermex operator M converts instant-winner sheets to loser sheets. The
dynamical map operator R produces higher-level instant-winner sheets.

The point of instant-winner sheets is that we can define an operator R such that W**! =
RW? and another operator M such that L* = MW?®. This means instant-winner sheets
encode the &-set and that the &-set is indirectly described by the discrete-time dynamical
system that iterates the map R.

Definition 2.4. Let W? be an instant-winner sheet. The supermex operator M acts on W?*
via the following algorithm:

(1) Set MW?* = 0 (the zero matrix), 7= W7, and y = 0.

(2) Let zg = mex{z | T,,, = 1}. Set (MW?), ., =1and T, =1 forallt > 0.

(3) Set y «+— y+ 1 and repeat (2).

Proposition 2.5. L* = MW?=.

Proof. We'll show by induction that for any y, the position (z,y, z5) is a &-position. Since
Ty., = 0, it must be that W, = 0, so there are no &-positions with smaller x. By
construction, there are no &-positions with smaller z, since T, , = 1 implies that either
Wi, =1 (so (z,y,2) € A) or there is 3y < y such that (v,y',2) € & (so (r,y,2) € A).
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There are also no #-positions with smaller y, since there are no y' < y such that (z,v’, z5) €
. Since (x,y, zs) does not have any subpositions in .4, it must be in Z.

Now, consider any position (z,y, z) for which (MW?), ., = 0. If z < z,, we saw above
that (x,y, 2) is an A -position. Otherwise, if z > z;, then (x,y, 2) can reach the &-position
(x,y, zs). Thus, (x,y, z) is an 4 -position. O

To define R, we first need to define two basic operators. Given arbitrary sheets A and
B, the addition operator + takes the elementwise logical OR of A and B, and the identity
operator Z returns its input.

The next result gets W* from loser sheets. It also motivates visualizing W* instead of L*.
Proposition 2.6. W® = L0 + L' ... 4 =1,

Proof. Recall that the instant-winner sheet at x is 1 at (y, z) if there is a Z-position (z',y, 2)
at a lower 2’. But the loser sheet at 2’ consists of all &2-positions (2/,y, 2), so the loser sheets

at 0 through x — 1 describe all &-positions reachable from level x. U
Proposition 2.7. Define R =7 + M. Then W*T = RW?,

Proof. By Proposition [2.6] we have

wrEt 0 b ol L W MWVE = RWE.
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FIGURE 2. Instant-winner sheets for x = 55 and x = 110.

By taking W% = 0 (since taking stones from z = 0 is not legal), we obtain any W< by
iterating R. Computationally, we take a finite-sized boolean matrix (code used for figures
is at [3]). The instant-winner sheets of 3-pile N1M exhibit scale invariance in the sense that
W< is geometrically similar to W** up to rescaling (see Figure . However, this is to be
expected since 2z B2y B2z =0if Dy Dd 2z = 0, so (2z, 2y, 22) is a L-position if (z,y, z) is.
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2.2. 3-pile Nim-with-a-pass. We now add the pass to 3-pile NiM. To keep track of the
pass, a hat on W¥ or L* indicates that the pass is available. That is, W? consists of A -
positions such that there is a &?-position on a lower z level (while keeping the pass), and
L* consists of Z-positions where the pass is available. We will also sometimes refer to a
specific position (z,y, z;p), where p = 1 if the pass is available and 0 otherwise.

The iterative mapping changes slightly:
Proposition 2.8. Wt = W* + M(W* 4 L*).

Proof. Similarly to Proposition , we have W= = [0+ L' +... 4+ L*=1. To obtain the loser
sheet from an instant-winner sheet, the pass move must also be considered. The .4 -positions
arising from the pass move are positions (z, y, z; 1) such that (z, y, z; 0) is a &?-position, which
is exactly L. Hence, L*** = M(W? + L%) by a proof similar to that of Proposition [2.5] [

w280
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FIGURE 3. Instant-winner sheets for x = 152, 280, 304.

Treating L” as a sequence of constants, we get another iterated dynamical system starting
from W° = 0. Figure |3| visualizes the geometry of the resulting instant-winner sheets.
In comparison with the structure of ordinary NiMm, we see dramatically different geometry
reminiscent of a fractal. The sheets exhibit scale invariance again, but in a more complex
manner that seems to converge towards a fixpoint with noisy local behavior that tends
towards an overall global shape. Note the slight differences between W20 and W3%, while
W2 and W3 are very similar globally, suggesting that the dynamics have a factor-of-2

periodicity. It seems unlikely that the P-set can be characterized cleanly.

3. PERTURBED GAMES

In this section, we’ll define a class of N1M variants of which NIM-with-a-pass in an instance

of. The instant-winner sheets of these variants exhibit similar complex geometry.
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3.1. Generic 3-pile Nim.

Definition 3.1. The variant sheet at level z, denoted V¥, modifies the rules of NiM by

specifying positions that are forced to become A4 -positions.

An instance of generic NIM specifies the variant sheets. For example, adding the pass
move is the same as setting VV* = L*, since any &?-position becomes an .4 -position with the
pass. We define the instant-winner and loser sheets for generic NiM analogously to before,
where loser sheets L* consist of Z2-positions at level z and instant-winner sheets W* consist
of 4 -positions that can move to &-positions at lower x.

As before, we obtain instant-winner sheets from loser sheets through the identity W* =
LO 4 L' 4 -+ 4 L= 1. Just like in NIM-with-a-pass, the supermex operator almost recovers
loser sheets from instant-winner sheets, but must also consider the forced .4 -positions from
variant sheets. In particular, we have L® = M(W?* + V).

Thus, the dynamical system for generic NIM starts from W = 0 and iterates the map
W+ = W* + M(W?* + V*). We can think of {V*} as perturbing the original game.

3.2. The Nim Attractor. We now explore two examples of perturbations and visualize
the resulting instant-winner sheets. Code for these numerical results can be found at [3]. In
both examples, we take finite sheets of size 600 and visualize W3,

On the left of Figure , we set V} = 1 and all other V* = 0.

On the right of Figure [4], let the sheet size be m. We pick a random entry of each column
of every V' to be 1 by drawing j uniformly from [0,m — 1] for each i and setting V%, = 1.

W3oo 300

FIGURE 4. Left: V1(,)1 = 1. Right: Random perturbations at every V7.

The instant-winner sheets of both examples have similar geometric structure to the instant-
winner sheets of NIM-with-a-pass, with the central column and fractal-like spikes emanating
from the solid corner. Empirically, generic 3-pile NIM appears to have an attractor in that
different perturbations result in similar global structure. This attractor seems to encompass

a variety of types of perturbations, arising from even a single adjustment to the &?-positions.
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It also seems to be robust, since in one example we added random perturbations to every

column of every variant sheet and still recovered the same structure.

3.3. Other games. The same analysis of recasting a combinatorial game into a dynamical
relation and visualizing slices of its position space applies to other games, such as 3-row
Cuowmp [1, 2].
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